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Abstract
We show how the generator of local supersymmetry transformations can be found from
Fermionic first class constraints. This is done by adapting the approaches of Henneaux, Teit-
elboim and Zanelli and of Castellani that has been used to find the generator of gauge trans-
formations from Bosonic first class constraints. We illustrate how a supersymmetric gauge
generator can be found by considering the spinning particle. The invariances that we find are
not those presented in the original discussion of the spinning particle.
1 Introduction
Local gauge symmetries have long been associated with the presence of first class constraints that
arise when applying the Dirac constraint formalism [1,2]. A precise expression for the generator of
a gauge transformation in terms of these first class constraints can be found by either examining
the invariances of the total action in phase space (the “HTZ” approach [3]) or by considering the
equations of motion in phase space (the “C” approach [4]). Local gauge transformations involving
Bosonic gauge functions can be derived using this approach not only in ordinary Yang-Mills theory,
but also in the first [5,6] and second order [7,8] Einstein-Hilbert (EH) action for D > 2 as well as
the first order EH action when D = 2 [9]. In the latter case, a novel gauge transformation which
is distinct from the manifest diffeomorphism transformation that is present has been uncovered
through use of the gauge generator derived from the first class constraints.
1
In this paper, we will show that in addition to gauge transformations involving Bosonic gauge
functions, gauge transformations involving Fermionic gauge functions can be derived by considering
the first class constraints present in a model. To illustrate this, we will first consider the spinning
particle (“supergravity in 0 + 1 dimensions”) [10,11]. In this model, the first class constraints that
are present result in two distinct gauge transformations, one involving a Bosonic gauge function,
the other a Fermionic gauge function. These gauge transformations differ in certain respects from
the gauge transformations that are manifest in the model. We also consider the extended spinning
particle introduced in ref. [12].
2 The Spinning Particle
The action for the spinning particle with mass m and N = 1 supersymmetry is [10,11]
S =
1
2
∫
dτ
[
ηµν
(
φ˙µ(τ)φ˙ν(τ)
e(τ)
− iψµ(τ)ψ˙ν(τ)−
1
e(τ)
χ(τ)φ˙µ(τ)ψν(τ)
)
+
(
m2e(τ) + iψ5(τ)ψ˙5(τ)− imψ5(τ)χ(τ)
)]
(1)
where ηµν is the “target space” metric, the fields φ
µ and e are Bosonic and ψµ, ψ5 and χ are
Fermionic (Grassmann). This actions possesses the manifest “diffeomorphism” invariance
δφµ = fφ˙µ, δe = f˙ e+ ef˙ , δχ = f˙χ+ χf˙ , δψµ = fψ˙µ, δψ5 = fψ˙5 (2a− e)
and the manifest N = 1 supersymmetry [11]
δφµ = iαψµ, δψµ =
α
e
(
φ˙µ −
i
2
χψµ
)
, δe = iαχ, δχ = 2α˙
δψ5 = mα +
i
me
αψ5
(
ψ˙5 −
1
2
mχ
)
. (3a− e)
The parameters f(τ), α(τ) are Bosonic and Fermionic respectively.
We will now perform a full canonical analysis of the action S of eq. (1) and show how the first
class constraints can be used to find the generator of gauge transformations that leave S invariant.
These will be compared with the manifest invariances of eqs. (2,3).
The canonical momenta following from S =
∫
dτL are
pµ =
∂L
∂φ˙µ
=
1
e
(
φ˙µ −
i
2
χψµ
)
, pe =
∂L
∂e˙
= 0
πµ =
∂L
∂ψ˙µ
=
i
2
ψµ , π5 =
∂L
∂ψ˙5
= −
i
2
π5 , πχ =
∂L
∂χ˙
= 0, (4a− e)
so that the canonical Hamiltonian is
Hc =
e
2
(p2 −m2) +
i
2
χ(p · ψ −mψ5). (5)
The primary constraints of eqs. (4b,e) yield secondary constraints as
{pe, Hc} = −
1
2
(p2 −m2) (6a)
{πχ, Hc} = −
i
2
(p · ψ −mψ5). (6b)
In addition, the constraints of eqs. (4c,d) are second class as
{
πµ −
i
2
πµ, πν −
i
2
πν
}
= iηµν ,
{
π5 +
i
2
ψ5, π5 +
i
2
ψ5
}
= −i, (7a, b)
so that the Dirac Brackets are given by
{A,B}∗ = {A,B}+ i
[{
A,ψµ −
i
2
ψµ
}{
ψµ −
i
2
ψµ, B
}
−
{
A, π5 +
i
2
ψ5
}{
π5 +
i
2
ψ5, B
}]
(8)
for dynamical variables A,B. In particular, it follows that
{ψµ, ψν}
∗ = iηµν , {ψ5, ψ5}
∗ = −i. (9a, b)
The constraints of eqs. (4b,e; 6a,b) are all first class as
{p · ψ −mψ5, p · ψ −mψ5}
∗ = i(p2 −m2). (10)
We can show that the HTZ formalism of ref. [3], originally introduced to find the generator of
gauge transformations for systems with only Bosonic degrees of freedom, can be employed to deal
with systems with both Bosonic and Fermionic degrees of freedom. In particular, for the model of
eq. (1), we have a gauge generator G given by
G = B1pe +B2(p
2 −m2) + iF1πχ + iF2(p · ψ −mψ5) (11)
where Bi and Fi are Bosonic and Fermionic gauge functions respectively. With a total Hamiltonian
HT = Hc + λepe + iλχπχ (12)
(λe and λχ are Lagrange multipliers), then by ref. [3], we have the equation
B˙1pe + B˙2(p
2 −m2) + iF˙1πχ + iF˙2(p · ψ −mψ5)
+ {G,HT}
∗ − δλepe − iδλeπχ = 0. (13)
By considering the coefficients of the constraints p2 −m2 = 0 and p · ψ −mψ5 = 0 respectively, it
follows from eq. (13) that
B1 = 2B˙2 + iF2χ (14a)
F1 = −2iF˙2 (14b)
so that if B2 = B, F2 = F
G = (2B˙ + iFχ)pe +B(p
2 −m2) + 2F˙πχ + iF (p · ψ −mψ5). (15)
We note that the C formalism of ref. [4] can also be used to find G. With there being two generators
of constraints, the form of G is
G = ǫ(τ)G0 + ǫ˙(τ)G1 (16)
where [4]
G1 = primary first class constraint(P1) (17a)
G0 + {G1, HT}
∗ = P1 (17b)
{G0, HT}
∗ = P1. (17c)
Satisfying eq. (17a) by taking
G1 = pe (18a)
we see that eq. (17b) leads to
G0 =
1
2
(p2 −m2) + αepe + αχpχ; (18b)
by eq. (17c), the Lagrange multipliers αe and αχ must satisfy
αe = αχ = 0 (18c)
and so by eq. (16)
GA =
ǫA
2
(p2 −m2) + ǫ˙Ape. (19)
Similarly, if in eq. (17a) we take
G1 = πχ (20a)
then by eq. (17b)
G0 =
i
2
(p · ψ −mψ5) + βepe + βχπχ (20b)
and with eq. (17c) we find that
βχ = 0 , βe =
iχ
2
(20c)
so that from eqs. (16,20)
GB = ǫB
(
i
2
(p · ψ −mψ5) +
iχ
2
pe
)
+ ǫ˙B πχ. (21)
The full generator GA +GB is identical to G of eq. (15) if 2B = ǫA, 2F = ǫB.
With the gauge transformation in a dynamical variable A being given by δA = {A,G}∗, we find
that
δφµ = 2Bpµ + iFψµ
or, by eq. (4a)
=
2B
e
(
φ˙µ −
i
2
χψµ
)
+ iFψµ, (22a)
δe = 2B˙ + iFχ (22b)
δχ = 2F˙ (22c)
δψµ = Fpµ (22d)
=
F
e
(
φ˙µ −
i
2
χψµ
)
(22d)
δψ5 = mF. (22e)
Eq. (22) is not identical to eqs. (2) and (3). First of all, the Fermionic fields χ, ψµ and ψ5 do
not change if F = 0 where as they do change under the transformation of eq. (2); in the limit
χ = ψµ = ψ5 = 0, eqs. (2) and (22) are identical only if 2B = ef so that B acquires a dependence
on the dynamical field e.
Secondly, the Fermionic portion of eq. (22) is identical to eq. (3) when F = α only if we ignore
the contribution of the second term in δψ5 appearing in eq. (3e). However, one can establish that
this term by itself leaves the action invariant and therefore need not participate in the Fermionic
portion of the transformation of eq. (22).
It is also worth noting that if gauge parameters Bi and Fi are associated with generator Gi in
eq. (15), then
{Gi, Gj}
∗ = 2
d
dτ
(iFiFj)pe + (iF1F2)(p
2 −m2). (23)
Consequently, the Dirac Bracket of two generators Gi and Gj is itself a purely Bosonic generator
with gauge parameter B = iFiFj. The gauge transformations given in refs. [10,11] do not obey the
algebra implied by eq. (23).
We now will consider the generator of supersymmetry transformations for the spinning string
with N > 1 supersymmetry. The action for this model is [12]
S =
1
2
∫
dτ
[
1
e
(
φ˙µ −
i
2
χiψ
µ
i
)(
φ˙ν −
i
2
χjψ
ν
j
)
(24)
−
i
2
ψ
µ
i ψ˙
ν
i −
i
2
fijψ
µ
i ψ
ν
j
]
ηµν
where there are now N Fermionic fields ψµi , χi (i = 1 . . .N) and fij is an antisymmetric Boson field.
The momenta associated with (φµ, e, ψµi , χi, fij) are now respectively
pµ =
1
e
(
φ˙µ −
i
2
χiψ
µ
i
)
, pe = 0 , πiµ =
i
2
ψiµ , πiχ = 0 , pij = 0 (25a− e)
respectively and thus the canonical Hamiltonian is given by
Hc =
e
2
p2 +
i
2
χip · ψi +
i
2
fijψi · ψj . (26)
The second class constraints of eq. (25c) lead to the Dirac Bracket
{A,B}∗ = {A,B}+ iδijηµν
{
A, π
µ
i −
i
2
ψ
µ
i
}{
πνj −
i
2
ψνj , B
}
. (27)
The primary constraints of eqs. (25b,d,e) lead respectively to the secondary constraints
{pe, Hc}
∗ = −
1
2
p2 , {πiχ, Hc}
∗ = −
i
2
p · ψi , {pij , Hc}
∗ = −
i
2
ψi · ψj . (28a− c)
Since
{p · ψi, Hc}
∗ =
1
2
χip
2 − fijp · ψj (29a)
{ψi · ψj , Hc}
∗ =
1
2
(χip · ψj − χjp · ψi) + (fimψj − fjmψi) · ψm (29b)
and
{ψi · ψj , ψk · ψℓ}
∗ = −i (δikψj · ψℓ − δiℓψj · ψk
+δjℓψi · ψk − δjkψi · ψℓ) (30a)
{p · ψi, p · ψj}
∗ = ip2δij (30b)
{p · ψi, ψk · ψℓ}
∗ = i (δikp · ψℓ − δiℓp · ψk) (30c)
we see that there are no further constraints and that all constraints other than eq. (25c) are first
class.
The gauge generator resulting from these first class constraints is now of the form
G = B1pe +B2p
2 +B
ij
1
pij + iB
ij
2
ψi · ψj + iF
i
1
πiχ + iF
i
2
p · ψi . (31)
The HTZ formalism can now be applied; in analogy with eq. (14) we find that
B1 = 2
(
B˙2 +
i
2
F i
2
χi
)
(32a)
B
ij
1
= 2
(
B˙
ij
2
+B
ik
2
fjk − B
jk
2
fik
)
(32b)
F i
1
= −2i
(
F˙ i
2
− B
ij
2
χj + fijF
j
2
)
(32c)
so that with F2 ≡ F , B2 = B, B2 = B2
G = 2
(
B˙ +
i
2
F iχi
)
pe +Bp
2 + 2
(
B˙
ij
+B
ik
fjk − B
jk
fik
)
pij
+iB
ij
ψi · ψk + 2
(
F˙ i − B
ij
χj + fijF
j
)
πiχ + iF
ip · ψi. (33)
The gauge transformation of any dynamical variable A is now given by δA = {A,G}∗; it is evidently
not identical to the transformations given in ref. [12] or the N = 2 limit discussed in ref. [11].
3 Discussion
We have shown how the Dirac constraint formalism can be adapted to find in generator of local
gauge invariances that are supersymmetry transformations. We have demonstrated this by find-
ing the gauge generator arising from first class constraints for the spinning particle with N ≥ 1
supersymmetry whose actions were originally given in refs. [10,11,12].
It would be of interest to apply this approach to other systems in which a local supersymmetry
is manifest in order to see if the first class constraints present can be employed to find these
supersymmetries. Among such systems are the spinning string [13], the spinning membrane [14],
the super particle [15] and superstring [16]. In these latter two systems, it was first noticed that
there is a global supersymmetry, but subsequently a local supersymmetry was uncovered [17]. We
would like to see if this so-called “κ symmetry” is a consequence of the presence of first class
constraints. Finally, it would be worth examining the relationship between the presence of first
class constraints and supergravity in such models as these of ref. [18], especially since the local
supersymmetry transformations are only invariances of the action on the mass shell if there are no
auxiliary fields.
It is possible to make use of the gauge generator to choose a covariant gauge when using the path
integral derived from the canonical quantization procedure [19]. We hope to apply this approach
to the quantization of supergravity theories.
We would also like to see if there are any models with Fermionic first class constraints which
imply gauge transformations that are not obviously related to a local supersymmetry.
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Appendix
We use a “left derivative” for Grassmann variables; if θI are Grassmann, then
∂
∂θA
(θBθC) = δABθC − δACθB,
d
dt
F (θ(t)) = θ˙(t)F ′(θ(t)). (A.1a, b)
If Fi(Bi) are Grassmann odd (even) quantities and in phase space (qi, pi) ((ψi, πi)) are ordinary
(Grassmann) conjugate pairs, then we define the Poisson Brackets by:
{B1, B2} = (B1,qB2,p − B1,pB2,q) + (B1,ψB2,π −B2,ψB1,π) (A.2a)
{F,B} = (F,qB,p −B,qF,p)− (F,ψB,π +B,ψF,π) (A.2b)
{B,F} = (B,qF,p − F,qB,p) + (F,ψB,π +B,ψF,π) (A.2c)
{F1, F2} = (F1,qF2,p + F2,qF1,p)− (F1,ψF2,π + F2,ψF1,π) (A.2d)
where B1,qB2,p =
∑
i
∂B1
∂qi
∂B2
∂pi
etc.
If L = L(qi, ψi) is the Lagrangian, then the Hamiltonian is
H = q˙ipi + ψ˙iπi − L. (A.3)
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